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Abstract
The pion electromagnetic form factor with leading and next-to-leading twist correc-
tions are studied in the framework of pQCD approach. We find that, at intermediate
momentum transfer regions, the non-perturbative contributions coming from large
transverse separations can not be effectively suppressed. Sudakov suppression acts
as an infrared cut-off in the infrared regions. At the energy region where exper-
iment can access so far, i.e. Q < 4GeV, pQCD prediction is not self-consistent.





There is a general agreement that the standard approach of perturbative QCD (pQCD)
is the correct theory in exclusive processes in the asymptotic limit Q !1 [1]. Although
reasonable this theory seems in the ideal world, the test of this theory is performed only
in the pre-asymptotic energy region. The predictions of pQCD cannot reach quanti-
tative level in most exclusive process. The hard dynamics is often entangled with the
soft dynamics so that factorization theorem is not rigorous. It is found that the pion
electromagnetic (EM) form factor contains substantial soft endpoint contributions which
destroys the consistence of perturbative method [2]. The mechanism of Sudakov sup-
pression is introduced to suppress the soft endpoint contribution and a modied pQCD
formula which includes Sudakov suppression is given in pion EM form factor [3]. It is
claimed that pQCD calculation can still be self-consistent at about Q  20QCD (2GeV
for QCD = 0:1GeV).
During the past decade, there is no conceptual development of this modied pQCD
approach. However the applicability of this method have met many theoretical prob-
lems. Recently, this modied pQCD approach (or say pQCD approach for simplicity) was
largely applied in exclusive B decays to treat the endpoint singularity [4]. There has been
much debate concerning the applicability of pQCD approach in B system [5]. In [6], we
investigated the reliability of pQCD approach in B !  form factors and nd that the
soft contribution coming from large transverse separations can be comparable with the
hard contribution. This conclusion should be general for many exclusive processes, such
as pion EM form factor, etc. . From the analysis in the light-cone sum rule approach, the
soft overlap between the initial and nal pions is found to be large at the experimentally
accessible energy region [7]. So, the study of the reliability of pQCD approach in pion
form factor is necessary and important.
It is well-known that the leading twist result for pion form factor with asymptotic




of the experimental data
[3, 8]. The next-to-leading twist (twist-3 in our case) contribution is \chirally enhanced"
power correction and it is most probably important. The study of twist-3 contribution
to pion EM from factor was performed long ago [9]. The recent research using pQCD
approach is given in [10]. Both of their results found a large twist-3 contribution even
larger than leading twist result at intermediate energy region of Q  5GeV. The large
twist-3 contribution seems to destroy twist expansion. Since there is endpoint singularity
in twist-3 contribution, one may also doubt the eectiveness of Sudakov suppression.
In this paper, we will provide a systematic study of EM pion form factor in pQCD ap-
proach. Our main concerns are the reliability of Sudakov suppression and pQCD method.
We nd that Sudakov suppression acts as an infrared cuto in the infrared region. The
large twist-3 correction show that pQCD cannot allow us to calculate systematically the
pion form factor at the experimentally accessible energy regions. Even with the help of
Sudakov suppression, the prediction of pQCD is still not reliable.
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2 Pion form factor in pQCD approach
The pion EM form factor is dened by the following Lorentz decomposition of biquark
current matrix element




eiqiγµqi is the electromagnetic current with quark flavor i and relevant
electronic charge ei. The momentum transfer is q
2 = (P 0 − P )2 = −Q2. We have
restricted our discussion in space-like region. It is convenient to use light-cone variables
in which P = ( Qp
2
; 0;~0?) and P 0 = (0; Qp2 ;
~0?). Fpi(Q2) is the pion EM form factor which
depends only on momentum transfer Q. The pion form factor at large momentum transfer
Q provides information about the internal structure of pion.
The basic idea of pQCD approach is that it takes into account transverse momentum
and Sudakov suppression. The pion EM form factor is expressed as the convolution of
wave functions P and hard scattering kernel TH by both the longitudinal momentum




dx dy d2~b d2~b0 P(x; b; ) P(y; b0; ) TH(x; y; b; b0; Q; ): (2)
The wave function P(x; b; Q; ) is given by:
P(x; b; Q; ) = exp[−S(x; b; Q; )] ~Ψ0(x; b) (3)
where ~Ψ0(x; b) is the soft part of pion wave function with jk?j < 1=b
~Ψ0(x; b)  (x; 1=b) + O(s(1=b)) (4)
When Sudakov suppression is strong, there is only small b contribution and the approxi-
mation of ~Ψ0(x; b) by distribution amplitude (x; 1=b) is valid. But at a few GeV region,
this approximation is questionable. The unknown wave functions at large b region will
lead to uncontrollable theoretical errors. This is a unresolved problem of hot topic.
The factor exp(-S) in Eq.(3) includes the Sudakov logarithmic corrections and renor-
malization group evolution eects of both wave function and hard kernel,









with nf = 3. The Sudakov exponent s(x; b; Q) is calculated up to next-
to-leading-log (NLL) accuracy. Its explicit formula can be found in [11]. The exponent
s(x; b; Q) is obtained under the condition that xQ=
p
2 > 1=b. For small b, there is no




The study of distribution amplitudes beyond leading twist is expanded in the con-
formal spin [12]. The light-cone distribution amplitudes of pion are dened in terms of














where fpi is the decay constant of pion and x is the longitudinal momentum fraction of
quark in pion. The parameter pi = m
2
pi=(mu + md) for charged pion. pi, p and σ are
the twist-2 and twist-3 distribution amplitudes, respectively. The twist-3 terms contribute
power corrections. At the experimental accessible energy region, the chirally enhanced
parameter rpi = pi=Q  O(1) is not small.





/p γ5 pi − Pγ5
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H(x; y; b; b0; Q; )
= F (2)pi + F
(3)
pi : (8)
where F (2)pi ; F
(3)
pi represent twist-2 and twist-3 contributions in pQCD approach respec-
tively, and H is given by















where [x] = (x; b; Q; ), [y] = (y; b0; Q; ). The wave functions of Ppi;Pp and Pσ can be
obtained from the relevant wave functions Ψpi; Ψp and Ψσ through Eq.(3) and Eq.(4). K0
and I0 are the modied Bessel functions. The choice of renormalization scale parameter
 is taken as the largest momentum scale associated with the exchanged virtual gluon in
the longitudinal and transverse degrees,
 = max(
p
xyQ; 1=b; 1=b0) (9)
The above choice avoids the Landau pole in coupling constant s() at  = QCD if x
and y are small.
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In [3], the transverse momentum associated with virtual fermion lines is neglected and
the hard kernel involves only a single impact parameter b. In our formula of Eq.(8), there
are two parameters b and b0. The errors caused by the neglect of transverse momentum
in the propagator of fermion lines is small if Q > 4GeV, but it can be be about 20%
when Q = 2GeV. So, we retain the transverse momentum in the fermion lines without
approximation. The transverse momentum k2? in the numerator are neglected because it
is power suppressed compared to Q2. We checked this assumption and found its eects
are really small in our case.
In the asymptotic limit, the distribution amplitudes pi(x) = 6xx, p(x) = 1 and






























 = F (2)s + F (3)s (10)
where F (2)s ; F
(3)
s represent twist-2 and twist-3 contributions to Fpi(Q
2) in the standard
approach respectively. The twist-3 contributes to 1=Q4 correction and it is power sup-




compared with the leading twist contribution. Because p(x) is a
constant at endpoint, twist-3 contribution is logarithmically divergent at x = 0. We use
the eective scale eff in Eq.(10) because the NLO calculation depends crucially on the
choice of .
3 Numerical results and discussions
There are only two parameters QCD and pi in the hard kernel. They are chosen as
QCD = 0:2GeV and pi = 2:0GeV. The distribution amplitudes are taken as their
asymptotic limit form. We do not use C-Z distribution amplitude for discussion since
this model of distribution amplitude are concentrated at the endpoint where perturbative
analysis is not reliable [14].
At rst, we discuss a problem which is not investigated after the paper of [3]: the
consistence between the resummed formula and the standard formula. The modied
pQCD approach uses a b-space resummation formalism in which the Sudakov double
logarithms are resumed to all orders. There is a diculty of matching the resumed
formalism and the xed order predictions in the standard approach. From the theoretical
point of view, the modied pQCD approach should be consistent with standard approach
when Q is large enough. Because of the existence of endpoint singularity at twist-3 level,
twist-3 contribution cannot be calculated in the standard approach. We can compare the
predictions of pQCD approach and standard approach in leading twist, i.e., F (2)pi and F
(2)
s
to check the consistence.
The physical quantity Fpi does not depend on the choice of the scale parameter  if the
calculation can be performed up to innite orders. However, in practice the calculation
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can only be made perturbatively at nite orders. To make the perturbative expansion
reliable, the scale parameter should be chosen in such a way that make the higher order
corrections as small as possible. In pQCD approach,  = max(
p
xyQ; 1=b; 1=b0). While
in the standard approach, it is a free parameter. We use the dierent choices proposed
in [13]: eff = Q; XQ; X
3/2Q; e−5/6XQ where X =< x >= 1=2. Fig.1 shows the F (2)s
in the standard approach with dierent choice of  and F (2)pi . One can see that the best
choice of  in the standard approach is  = Q=2 or X3/2Q. By using this choice, pQCD
approach is consistent with the standard approach when Q  10GeV. For the momentum
transfer Q < 10GeV, the prediction of pQCD approach is generally smaller than that in
the standard approach. This dierence is caused by the transverse momentum eects and
Sudakov suppression. In [13], it is found that the choices of  = XQ; X3/2Q reduce the
NLO corrections signicantly and reliable predictions can be obtained at lower values of
Q. Both these results show the importance of choosing the scale by the interior dynamics
of the process.




















Figure 1: The comparison of twist-2 pion form factor in standard approach and pQCD
approach. The solid line is for pQCD approach, while the dashed lines for standard
approach: (a), (b), (c) and (d) for eff = Q, XQ, X
3/2Q and e−5/6XQ, respectively,
where X =< x >= 1=2.
Now we discuss the reliability of pQCD approach. The basic idea of pQCD approach is
to use Sudakov form factor to suppress the long-distance contributions coming from large
transverse separations. A reliable perturbative computation should satisfy that most of
the results are coming from small impact parameter b. In order to study the impact pa-
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rameter b dependence of form factor Fpi, we introduce a cut-o b
c in the impact parameter
space in the integrals of Eq. (8) by
∫ bc
0 db. Similarly, the impact parameter b
0 dependence
can also be performed. It is convenient to use Q2F as the physical quantity for discussion
because Q2F is nearly a constant for large Q. The results are plotted in Fig.2. We can
see that the results are saturated before bc approaches to 1=QCD. This is the important
development of using Sudakov suppression. For Q = 10GeV the saturation point is at
about 1:5GeV−1, which is far from the end point 1=QCD. This means that almost all the
contributions come from the short-distance region. For Q = 6GeV, the saturation point is
at about 2:5GeV−1, which shows that some non-perturbative contribution emerges. But
for Q = 4GeV and 2GeV, the saturation points are at 3:5GeV−1 and 4:0GeV−1, which
are quite close to the hadron scale 1=QCD. There are substantial contributions com-
ing from large transverse separations b > 2GeV−1 for Q < 4GeV. Sudakov suppression
becomes weak for small Q, and non-perturbative contribution becomes large. The con-
tributions coming from large transverse separations is sensitive to the unknown intrinsic
non-perturbative dynamics. So, the calculation of pQCD approach in the large transverse
separation region must be model-dependent.

























Figure 2: Dependence of Q2F on the cut-o bc at Q = 2GeV , 4GeV , 6GeV and Q =
10GeV .
Is Sudakov suppression eective at experimental accessible energy region (Q = 1 −
4GeV)? From the above results, it seems that Sudakov suppression is not strong enough
for Q < 4GeV. Sudakov form factor e−S only suppress the region of b  1=QCD at a
few GeV region. In the derivation of b-space resumed Sudakov form factor, it requires
the condition Q  1=b  QCD [11]. The Sudakov form factor we used is the asymptotic
formulae which is valid only if Q is large enough and Sudakov form factor suppress all
the large b contributions. The derivation of Sudakov form factor is a dicult problem in
QCD because perturbative expansion is not meaningful at long-distance. This is unlike
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the case in QED. Thus, b-space resummed Sudakov form factor is not the unique choice.
Moreover, the extrapolation of asymptotic form into the small momentum region is not
under well control in QCD. The predictive power of perturbation theory will be decreased
largely by this extension.
If Sudakov suppression is not eective enough, one may doubt the reliability of the
previous motivation of introducing of Sudakov eects to solve the endpoint problem. We
guess that Sudakov eects just provide an infrared cuto in the soft endpoint region. We
can check this idea using twist-3 corrections. The endpoint singularity in twist-3 contribu-
tion in standard approach can be regulated by cut-o at endpoint using parametrization





p(x)  H ln Q
QCD
: (11)
Equating Eq.(11) to the corresponding term in Eq.(10), we can obtain the value of H .
Table 1 gives the result for H at dierent momentum transfers Q. At the interme-
diate energy, H is at the order of 1, the dierence between pQCD approach and the
parametrization method is small. Thus Sudakov suppression really acts as an infrared
treatment similar to the parametrization method. Only when Q > 500GeV, Sudakov
suppression begins to show its power.
Table 1: The comparison of pQCD approach and the parametrization method
Q(GeV) 2 4 6 10 100 500 1000
H 1.44 1.29 1.20 1.10 0.74 0.54 0.002
In [8], the intrinsic transverse momentum eects are included to improve the pertur-
bative behavior. The authors use the Gaussian distribution of the transverse momentum
dependence of pion wave function and introduce a phenomenological parameter. This
model of wave function violates the rotation invariance and Lorentz invariance and the
prediction is sensitive to the choice of phenomenological parameter. In principle, there
is no a priori to think the transverse momentum distribution is a Gaussian at low mo-
mentum transfer. It is impossible to estimate the theoretical errors caused by using the
model of pion wave function. We also consider the mechanism of threshold resummation
eects [16] and nd that it only contributes a minor suppression.
A standard of using s to judge the self-consistency of pQCD is proposed in [3]. To
make our exploration proceed numerically, we set a criterion for perturbative contribution:
s < 0:5. This criterion is only indicative. A more stronger criterion can be more reliable.
we show the Q2 dependence of Q2F (Q2) in Fig.3. We see that the contributions coming
from the region s() > 0:5 for smaller values of Q
2 are: 34% at Q2 = 4GeV2, 22% at
Q2 = 10GeV2. From this point of view, pQCD prediction is approximately self-consistent
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when Q2 > 4GeV2. As we shall see, using s as criterion cannot guarantee the reliability
of leading twist leading order result in QCD expansion series.


























Figure 3: Dependence of Q2F on Q2. The solid line is the result with the full s(), the
dashed line the result with the constraint s() < 0:5








In the above equation, we had assumed that the power corrections can be calculated
by perturbative method. This assumption is not valid in general. The power correction
contain both hard and soft contributions from a general point of view. Table 2 shows that
contribution of twist-3 with dierent pi is large for small Q
2, it becomes to be smaller
as Q2 being larger. We have made constraint that the coupling constant s < 0:5. If
we adopt a criterion that the next-to-leading twist prediction is reasonable if the ratio
of next-to-leading twist to leading twist contributions is smaller than at least 50%. We
can nd that the twist-3 corrections is reliable when Q > 4GeV. According to the NLO
calculation given in [13], the reliable NLO radiative corrections can be obtained only at
momentum transfer Q > 5GeV where NLO corrections to LO results is smaller than
30%. So, at the experimentally accessible energy region, there is no way to guarantee the
reliability of QCD s and twist expansions.
At last, we briefly compare our perturbative analysis with the prediction from the
QCD sum rule. There is a major problem about OPE (operator product expansion) in
the early three-point QCD sum rule so that QCD sum rule is hold for Q < M where M
is the Borel parameter which is at the order of 1− 2GeV2 [7]. At this energy region, the
factorization of the hard and soft dynamics is generally dicult or impossible. In the light-
cone sum rules, the expansion is carried out by twist of hadrons so that comparison of the
9
Table 2: The dependence of the hard contribution of pion EM form factor Q2F
on Q (with s < 0:5). The rows \twist-2" and \twist-3" represent twist-2 and
twist-3 contributions.
Q2(GeV2) 4 6 8 10 16 25
twist-2 0.06 0.07 0.07 0.07 0.08 0.08
twist-3 pi = 2:0GeV 0.22 0.17 0.14 0.12 0.09 0.06
twist-3 pi = 1:2GeV 0.08 0.06 0.05 0.04 0.03 0.02
perturbative framework and light-cone sum rule becomes possible. A systematic analysis
of pion form factor including the radiative corrections in the light-cone sum rule approach
is provided in [7]. They found that the soft endpiont contribution is dominant and the
hard contribution is very small. Our analysis also shows LO twist-2 hard contribution
is very small. But the calculation of the hard part of twist-2 contribution is dierent
in these two approaches in principle. In pQCD approach, the momentum of exchanged
gluon is determined by the longitudinal and transverse momentum of the quarks in the
two pions. The LO calculation is at the tree level. In the light-cone sum rule, the LO
order is soft endpoint contribution and the NLO radiative corrections contains hard and
soft contributions. There is a certain seeming correspondence between the single-gluon
exchange diagram in pQCD approach and a diagram of radiative corrections in the light-
cone sum rule approach. However, they are not equivalent. In general, the loop corrections
are basically dierent from tree level calculation. In loop corrections, the momentum is
arbitrary and the result has ultraviolet divergence and infrared divergence.
In conclusion, Sudakov suppression is weak at the intermediate energy regions. The
pQCD prediction is model-dependent. The non-perturbative contribution coming from
large transverse separations destroys the self-consistence of pQCD approach. Sudakov
suppression provides an infrared cuto in the soft region. The reliable QCD calculation
in pion form factor should be beyond the perturbative framework. The computation of
power correction requires non-perturbative methods.
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